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B. Superdeterminants.

Let M be a matrix of the form
AT | |
_M..: ’ (8.1
A3 o

where the submatrices A and B have bosonic matrix elements while
[ and A have fermionic elements (respectively even and odd
elements of a Grassmann algebra). Matrices like M can be combined
linearly and multlplled with each other and the generlc matrix
of this kind has an inverse. The supervielbein matrix is of this
type. We define the trace by

TMTo A ZTa EE (8.2)

The reason for the minus sign in this definition is that we wish
the basic property of the trace

T MM, = o MM, (8.3)
to hold. Indeed we have

-Tf.l. .I.\\"Lm Mq_

K@Aﬁﬂdl@ﬂﬁﬂ

T{h-00)- T (L33
= Ta I, g

The determinaat can be defined from

dit M- wp T ‘Bw_N. (8.5)

1

Because of (B.3), it satisfies the product property
%mmp(&mXMm} s.

Indeed, writing

1 e =N, (3.7)

[2))

)
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SUPERGRAVITY AND SUPERSPACE 451

one has
’Qﬂ ( MM,

where the dots denote multiple commutators, Taking the trace, all
comuutator terms vanish by (B.3), and one has

)= Mo+ N, +20N0 N1 G
LI

/

Tr fn (Mi Mi) T, c T, @

which establishes (B.6). It follows from (B.5) that, if

M.4 +X . (B.10)

whare 1 1is the unit matrix and X is infinitesimal then

J\el'M.—_.- 4 +‘Tfux (B.11)

More generally, one finds in the standard way, comhining (B.#6)
and (B.11), that

S darM = (e'ur m) T W' Si (3.12)

| el . - . . . 3 ¢ . ~
Feraany infinitesimal variation gﬂ. . An explicit form for the
ddeterninant can be obtained by writing M in the standard form

| c 3 L0
M. - . (B.13)
o L)\

towpmring with (B.1) one finds

cC=A-T®*A, =-IB
' (B.14)

¢=A S D=5

onthegther hand (B.13) gives, using (B.2), (B.5) and (B.6),

7
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dk M = det /der D. (8.15)

Therefore

det(A-TB'A)

detl .
- det B

(B.16)

An equivalent form is .
der A
det(B- 4A™T)

In (B.16) and (B.17) the determinants occurring in the right hand
side are ordinary determinants of matrices vith bosonic elements.

detM =

(B.17)

It is now easy to see that the determinant of the superviel-
bein matrix

A

transforms like a density under general coordinate transformatioms.
Infinitesimally the supervielbein transforms &s

’ A - A L A
EE:.M. -:._E aLEI:L -+ n} E:L (8.19)

Using (B.12) one finds A
L MY el A
Se =% 0B +EE, Dm_f B e

RS IN-NeL 10
Ly @ ,
_ gL (:5 B)@) (B.20)

which is the transformaticn property of a superspace density. Under
local Lorentz transformations E is invariant. ot
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SoLuUTION ©OF THE COMSTRAINTS

Using the Biar.chi identities (3.12) end (3.13) one vau show
' ~ that (3.14) and (3. '6 imply that ol components

the supercurvature and supertersion are cipressible in verms of

th- threa svperfields Gup » Wupy » R and their conjugates.
Here we have used two-component spinor notation {sce Avnendix 2).

G, is hermitean, W totaliv symmetpic. For instance

Q"’é.‘is = -4 (eo(; 8%5 «$ Qg ! 1y

i) Jife
= Tughy A, n O SO C ‘P/
% (3.17)
Tovim Tugh = -2t S 535 B
> R > .
é(@A TBC + TAB‘FFC. - ?\ASC ):O (3.12}
ABC
F G r
§ ("Qﬂ ,P\w’ s Ty Raes /\ = 0 3.13)
ARC
’Rc.:b, b = 'Rc:b,bq_
ab)
’RC'.D,d\p = /‘%‘ chm,q (2 }dé (3.14)
Rc'p,mg, = (P\cb,a(k =0
1., €
Ty = 2Ly )dpt 4 =©
‘T;b © =0 ’ 'T‘“b c_o (3.16)
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T Tagin = Lol g % (°9« 5 "@@Gx'«) E Efr@«“ e

The remaining content of the Bianchi identities is expressed by
the differential relations

&J\Vd% = @fg E@xg +f9(€65é , (ng’G‘d‘; _—.A@F R*
@E WdFK=O A@éR =0 (3,’18)
@@s = (Wa)ﬁé 9@

The superfield G,; has a simple physical meaning, which can be
exhibited by considering the coefficients of its expansion
in © . For instance, at the 6 level one finds a temsor which
contains the Einstein temsor, at the 6608 level a spinor which
is the Rarita - Schwinger operator (left-hand side of the Rarita-
Schwinger equation). Similarly, R contains the contracted
(scalar) curvaturc tensor, at the 8 level. Wyg contains the
Weyl conformal spinor, at the & level ; for 9=<§ , it contains
the Rarita Schwinger field strength. Observe that some ccmponents
of R are obtained from those of Gyx by tracing over certain
indices : in superspace this is expressed by the differential
identities (3.18) in © .

In 2 general affine superspace one has the identity
) o A3 h a
BM-(E'UA E,,“)(-:) =E (@Am- +4 T;H )C—') (3.19)

A . .
where v is an arbitrary vector and

E = dd' E:nA - (3.20)

is the graded determinant of the supervielbein matrix, which is
a density in superspace . With our constraints
(3.16) on the torsion, the last term Ta )™ vanishes
(some torsion components vanish and others cancel in the trace)
and one has simply

N A
BM(E vh E.'F\M>(-|) = B 49,; e (3.21)
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" Integrating over all superspace, and assuming that there are no
boundary terms, one obtains

A
&40 £ z@,ﬂf “)*=0 (3.22)

a very useful formula which permits systematic use of integration
by parts -

The above constraints are naturally invariant under gemeral
coordinate transformations in superspace and local Lorentz trans=—
formations. They are also invariant under certain conformal trans-
formations. In infinitesimal form these transformations involve an
infinitesimal parameter function ¥ which is covariantly chiral,
i.e. satisfies

@3( Z' = 0 (3.23)

They are
se. . (29 g,
‘OEM.d "(ZX*'Z“)E.:”% EM%O;)MQQ( z (3.24)
SE, =@zl ey (@ f T

and

O’B *
SQM.J(; =E;u<(992 +E“P‘9‘Z +(°" Z%Em"g)\, r2 ) (3.25)

For the determinant of the supervielbein, (3.24) imply
% .
S = 9 (Z+Z7)E (3.26)

while curvature and torsion behave as given by
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O = (22-42)R - 4 &b 2"
6 Gd;{ = - (Z-}-Z*) Go(a-( + L 09,,(;; CZ*—‘Z)

3Wd” =-3Z. de | .(3.27)

Since the constraints are invariant under these transformations,
we can say that the geometry (kinematics) is invariant under
conformal transformations. The dynamics may of may not be,
depending on the choice o6f lagrangian. For instance, the action
of supergravity, given in the next section, is only invariant

_ under general coordinate transformations in superspace and under

local Lorentz transformations, but not under conformal transforma-
tions. The action of conformal supergravity, also given below, is
instead also conformally invariant.

Observe that the commutation relations together with
the solution (3.17) of the Bianchi identities (plus the analogous
expressions for the other components of the curvature and

torsion), gives the commutator or anticommutator of any two
covariant derivatives in terms of the superfields G;dﬁ s VVJFX,
R and their conjugates. Using these commutaticn relations it 1is
easy to verify that the expression

@ =(t@w@k— XR) U (3.28)

satisfies identically, for any U, the chirality constraint

090-( ¢=o (3.29)

Viceversa, any chiral superfield can be written in the form (3.28).
More generally, if 1& has only undotted indices,

Px.-.

o
implies

é@oy %Pb’"‘ =0 (3.30)
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and viceversa. One also has the identity
3 .
(490(&9 - 8?)«7@*’; AP <o (3.32)

These relations are generalizatioms to curved superspace of well
known identities which, in flat superspace, follow from (3.6)

o

4, DYNAMICS IN SUPERSPACE

In the previous section we have completely specified the
geometry of superspace by the tangent group restrictions (3.14)
and (3.15) and by the torsion constraints (3.16). We refer to this
specification of the geometry as kinematies : it is the analogue
of the specification of the geometry in Einstein's theory as
being Riemannian. Just as in Einstein's theory the dynamics is
given by giving an action (or the field equations), we shall
now specify the dynamlcs by giving the action for supergravity
in superspace. It 1s simply

Lfaxde we,t AN

the superspace integral of the simplest density, the determinant
of the supervielbein, The action (4.!) must be varied keeping the
kinematical constraints satisfied.

CUPER SPACE DENSITY FOR CHIRAL.
FIELDS

A general scalar in superspace, upon multiplication by t?e
basic density (3.20), the determinant of the supervielbein, gives
.rise to a density which can be used as a Lagrangian, If the
scalar is chiral, however, one has to proceed differently. In flat
superspace a chlral superfield @ can be written in the form
b= D DU, One can use @ as a Lagrangian by integrating
only over 6% (and x) but not overe“ . Alternatively, one can
integrate U over all four f components (and x) with the same
result. The first procedure has no analogue in curved superspace
in a general gauge, the second does. Any chiral superfield ¢ ,
(3.29), can be written in the form (3.28), where U has a
certain arbitrarity, given by (3.30). The action obtained from U
can be transformed as follows

£ = __(¢ 99,{) ,; %_¢ | (4.1.3)‘

o<.1|-\~
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where the last equality follows by partial integration because R
is chiral. We see that, in order to construct a Lagrangian density
from a chiral superfield, we must multiply it by -E/8R, not by E.
As an example, consider the chiral superfield W, y WEeY .
The corresponding action is proportional to :

» ]%W*MWW 19

It is easy to verify that it is invariant under the conformal
transformations (3.26) and (3.27). Indeed, (4.14) is the superspace
form of the action for conformal supergravity. Observe that the
action of non conformal supergravity (4.1) can be interpreted in
two equivalent ways. One can think of it as being obtained by
multiplying the identity superfield by E of by multiplying the
chiral superfield R by E/R,

5. COUPLINGS TO SUPERSYMMETRIC MATTER

We first describe the coupling to the vector-spinor multiplet.
In analogy with flat superspace, this matter supermultiplet is
described by a real scalar superfield V which can undergo gauge
transformations of the form

Vo Vetd-tA® Byh=o (5.1)

- The superfield

| wd= (;@6.;96-— 8 'R) &V

is gauge invariant under (5.1). This can be verified by using the
commutation relations among the covariant derivatives. From (3.30)
and (3.31) we see that it is chiral

AW, =0 (5.2)

It also satisfies identically

é9“'VVd = 49& \N[&' | (5.3)
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which is the supersymmetric form of the electromagnetic Bianchi

identities. The gauge invariant superfield Wy gives the spin 1/2
field of the supermultiplet for 6 = 0 and contains the electroma-

gnetic field .strength at the 6 level. We can take as action, up
to a proportionality constant,

A . . A ‘
e %ded +Qéw&wd (5.4)

(observe that we use the density E/R appropriate to a chiral
Lagrangian). The corresponding equation of motion is

Wy 4 By W oo | | (5.5
which, combined with (5.3), gives
v@de = o@aW"(:o ' (5.6)

The action (5.4) is invariant under the gauge transformation (5.1).
It is also invariant under conformal transformations provided one
assumes the conformal property

W=o (5.7)
which implies

SWO(.—. -2 W, (5.8)

This conformal invariance can be easily verified by combining (5.8)
with (3.26) and (3.27) and integrating by parts.

If one adds the actions (4.1) and (5.4), one has the super-
space formulation of the theory given first in component form,
Conformal invariance is spoiled by the supergravity
term. An interesting alternative is obtained by adding to (5.4)
the action

2V
E:v e ] (5.9)

116



s nbarbbu.

G

438 ' ' B. ZUMINO

Expanding the exponential, the first term gives the supergravity
action and the second term (linear in V) is a generalization of

the so called Fayet-Illiopoulos terms, which in rigid supersymmetry
gives rise to spontaneous breaking of supersymmetry . The
action (5.9) 1is neither gauge invariant (under (5.1)) nor conformal
invariant (under (3.26), (5.7)) but is invariant under the
combination of a gauge transformation and a conformal;transforﬁétioﬁ
provided their parameters (which are both chiral) are related

Since (5.4) is both gauge and conformal invariant one can add it
to (5.9) and one obtains the curved superspace version of the
Fayet-Illiopoulos term. It is gauge invariant, if we define as
gauge transformation the combination specified by (5.10). Using
this gauge invariance one can partially choose the gauge (so
¢alled Wess-Zumino gauge) so that the gauge dependent fields

of the vector spinor supermultiplet (except for the vector field)
vanish. One is left with an ordinary gauge invariance for the
vector field and the theory takes the polynomial form originally
given by Freedman . The superspace description given here
corresponds ‘to the component formulation of Stelle and West,

We now consider the coupling of supergravity to spinor-scalar-
pseudoscalar matter. This supermultiplet is described by a chiral
superfield &

0@;( G=o0 , p@d ¢ﬁ=o BERERLD
As action, to add to that of supergravity, one can take
= ¢ 9" ~E[Lrw - Lroy)  om

where F(#), the potential, is a (real) function of @ . In order
to derive the equations of motion it is simplest to satisfy the
conditions (5.11) by setting, according to (3.28),

¢:(;{@&¢9&-8'R)‘M
& . (09“49« i} g??*)‘u*

(5.13)
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The superfields U and ¥ can be subJected to arbltrary variationms.
One finds the equation of motion

(09, - %) ¢ - sFp)=o s

and its complex conjugate. It is not difficult to verify that
(5.11) and (5.14) imply that the supercurrent

=L¢(§ﬂ~;b;&,)¢ 3 10848 106,88 .3

satisfies
N :
B Ty = Dy S (5.16)

where

S-6F(9)-2¢F(p), &5: o (5.17)‘

The matter superfields Jg and S, $* (which contain the energy
momentum tensor and the spinor current satisfy an identity
analogous to that (see (3.18)) satisfied by the supergravity
superfields Gyy and R, R*® (which contain the Einstein tensor
and the Rarita-Schwinger operator). Indeed the supergravity equa-
tions state the proportionality of these two sets of fields

Go‘& = C. ol& - ?: c S (5.18)
If one attibutes to the superfield @ the conformal property
Sg=-2% @ | (5.19)

one finds that the first (kinetic) term in the action (5.12)
is conformally invariant. For the potential term, one obtains

EJE—F(¢) f—— S$. 7 (5.20)

The superfield S, given by (5.17), appears as a measure of the
violation of conformal invariance in the matter action. For

F(;ﬁ ) oe 953 , one has S = and the entire matter action is
conformally invariant. In general however, for instance-if the
matter supermultiplet has a mass (Fe Qﬁz)R will not vanish. The
coupling described by (5.12) is only one of many possible forms
which have been studied in detail in terms of component fields
(see the lectures by S. Ferrara and P. Van Nieuwenhuizen, where
many references can be found). It is an amusing exercise to
translate the other forms into superspace language.
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CHIRAL GAUGE

We now indicate briefly the procedure by which the constraints
can actually be solved. We give only the starting point of this
procedure and refer to for further details, It is convenient

to choose a gauge in which certain components of the inverse
vielbein have a simple form

Fjo.(rL = p Ea“ (6.24)

where J’ is a function of x, & and & . Then, for a scalar
superffeld U

KU - ¢ Yy (6.25)

L
where \6 is an ordinary anticommuting derivative. We see that
in this gauge a chiral superfield is actually independent of ©
we call it the chiral gauge.

Let us now take the torsion constraint
: rr1 N
. = ’ (6.26)
xp = °

or, more explicit ly

My N My o ¥ ' (\or ¥
£ e EME (e oo

It can be solved for the connection, with the result
:‘.9. 5‘, +’A- E,.
Py =% Sy T (020

This component of the connection enters in the expression for
RS , Making use of the complex conjugate of the

first of Pé.l7), this is expressible in terms of the chiral

superfield § . In this way one finds : ‘

bi( Bd fl -- 8R (6.29)

Which is obviously chiral in the gauge (6.25). This equation shows
that it .would not have been possible, in general, to choose

the gauge so that in (6.24) P was equal to unity. We have now

all the ingredients to calculate an expression of the form (3.28).
Using (6.24), (6.25), (6.28) and (6.29), the various terms quadra-
tic in P and its derivatives combine in the very simple expression

( (@X @X-— 3R )M =?Y3i (f’tu) (6.30)
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Again, the result is obviously chiral, as we know 1Tt muSt Dbe. Lu

the chiral gauge an integral of the form (4.13) takes a partlcularly
simple form. Remembering that a © Lntegratlon can
be written as a & derivative, we have

Al hods £ 5 - o\xde 33( )
-1 &xd@(&l)aE)%;é 2 fddo &g O

where we have used the chirality conditions
%P = 9y R =0 (6.32).

We see that the density Et'appropriate to a chiral superfield
satisfies

BR B;(E.' =-8RE (6.33)

& =9, ¥ E/B‘;(D&fz (6.34)

These relations can indeed be verified explicitly in terws of
components.

The chiral gauge can be obtained from a general gauge by
making a suitable Lorentz transformation accompanied by a
general coordinate transformation. One could have chosen a
different chiral gauge obtained from the above by complex conjuga-
tion, in which the vielbein with an undotted index had a simple’
form analogous to (6.24). These two chiral gauges are the analogues
in curved superspace, of the two representatlons in flat superspace
in which the two types of
chiral fields are respectively independent of 8 and of 8. In
flat superspace these two representations are related by a pure
imaginary translation. In curved superspace the two chiral gauges
~are related by a pure Lmaglnary general coordinate transformation.
Two quantities, like Edl and E-1 , which ordinarily are
related by complex conjugation, in the gauge (6.24) are obtained
from each other by performing a complex conjugation followed by
a pure imaginary general coordinate transformation. Thus, when
(6.25) is valid, one has

My ey
M LW rt; U .3 ‘
E, oy =e " o e " (6.35)

o

where - iUM(x, 8) is the pure imaginary parameter of the

general coordinate transformation relating the two gauges. The

two equations (6.24) and (6.35) express all components of the
inverse supervielbein with spinorial tangent space indices 1n terms
of the two superfields and UM, Using these expressions in the
supertorsion constraint§ one can express the other components of
the superv1e1be1n (and therefore also all components of the super
connectlon) in terms of the same two superfields. Furthermore, it
is easy to see that the conditions (6.24) determining the chiral
gauge does not fix the gauge completely. Usim the remaining gauge
arbitrariness one can impose conditions such that everything is
expressed in terms of the components UM alone (vectorial values
of M only). At this point the constraints are completely solved
.in terms of this superfield U™ and the action of supergravity can
be expressed in terms of it.
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